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Abstract
For thermally fluctuating 2-d systems, like solid surfaces, time and space correlation of the local surface height
diverge logarithmically in the rough phase, whereas saturation is obtained below the roughening transition. A 2-d
Langevin formalism, allowing to recover for long times and/or large distances these asymptotic behaviors, is presented.
An overall expression for correlation functions that are related to atom hopping rates and surface stiffnesses is given.
Considering anisotropic systems allows describing vicinal surfaces. At finite times, time correlations cross over to power
laws at1=n (n ¼ 1, 2 or 4), within limited time ranges as it was observed for isolated fluctuating steps. Limits of time
ranges are related to stiffnesses and diffusion anisotropies. Application to the analysis of STM images of Cu(1 1 5) below
the roughening transition is given.
 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction
Today scanning tunneling microscopy (STM)
routinely provides images of surfaces at the atomic
scale. Valuable informations on the local structure
usually results. For fluctuating surfaces, the equi-
librium properties (energetic) and the dynamics of
the system can be also investigated. For this pur-
pose, the statistical analysis of a set of STM images
is the necessary tool for extracting relevant infor-
mation such as distribution of individual objects
or correlation functions. Results of the measure-
ment of such quantities have further to be ana-
lyzed in terms of the elementary properties of the
surface at the atomic scale. In that way, wide ef-
forts were made to interpret STM images of vicinal
surfaces at thermal equilibrium. It was mainly
shown that spatial correlation functions of step
edge positions can be related to the elementary
kink energy and to the step–step interaction [1],
whereas time correlation functions allows identi-
fying atomic diffusion processes and their associ-
ated activation energies [2]. Knowledge of such
quantities is of great interest for understanding
and predicting the stability of these surfaces, which
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determines the shape of nanocrystals. Applications
to the stability of nanostructures follow together
with a better understanding of their physical and
reactivity properties.
Observations of fluctuating systems are the
source of valuable information on their dynamics.
Random forces (noise) allow the system to fluc-
tuate locally whereas matter conservation and the
energetic of the whole system acting as a thermo-
stat contain the fluctuations. These are the basis of
phenomenological Langevin dynamic equations.
As for surfaces, 2-d Langevin equation (where
surface tensions and diffusion constants are en-
ough to characterize the system) are a useful tool
allowing the analysis of STM measured correla-
tion functions.
The time correlation function GðtÞ (GðtÞ ¼
hðhðyÞ  hð0ÞÞ2i, hðyÞ: step displacement at ordi-
nate y) of one thermally fluctuating step has been
observed to vary as GðtÞ ¼ at1=n, n ¼ 2 or 4. Con-
sidering here fluctuations of one single step, 1-d
approaches have shown that the exponent value
depends on the atomic diffusion process: at low
temperature ðT Þ, where atoms emitted from kink
sites at step edges preferentially diffuse along step
edges, a t1=4 dependence is expected, whereas at
higher temperature, where steps fluctuate under
attachment or detachment of terrace adatoms GðtÞ
follows a t1=2 power law [3–8]. Intermediate time
dependence ðn ¼ 3Þ has been also predicted (al-
though not observed for metal surfaces in UHV
[2], but observed at liquid–solid interfaces [9]) for
slow attachment detachment of atoms from one
step edge and fast diffusion within the adjacent
terrace [3,4,10]. An exhaustive review of that field
can be found in [2].
Step–step interactions are responsible for the
stability of vicinal surfaces and although they are
very weak, their influence on step fluctuations at
thermal equilibrium cannot be neglected. Similarly
to the collision length associated to spatial fluctu-
ation yc  L2gy=4kT [11], where L is the average
step–step distance and gy the step stiffness, a col-
lision time can be defined as the time for an iso-
lated step to fluctuate over a distance L=2:
tc  ðL2=4aÞn, n ¼ 1–4 (here and in the following x
(resp. y) designates the direction perpendicular
(resp. parallel) to step edges. The isolated step
approximation can be considered for t  tc,
whereas for t > tc, step–step interactions are ex-
pected to reduce step fluctuations and make the
isolated step approximation no longer valid. Step–
step interactions are both entropic (step cannot
cross) and elastic with the usual A=L2 dependence,
where A is the interaction strength). These two
interactions do not add-up linearly and an ana-
lytical expression for the total free energy inter-
action was obtained from the analytical solution of
the 1-d interacting fermion model by Sutherland
[12] (see also [13,14]). The step-fermion mapping
leads to useful analytical expressions for the sur-
face stiffnesses gx and gy [15] in terms of the two
energetic parameters: the elementary kink energy
Ek and A. Measurements of the spatial correlation
of step displacements allow to get the energetic
parameters of a vicinal surface, namely the kink
creation energy Ek and the elastic step–step inter-
action constant A [1,16,17].
Beyond the ideal case of isolated steps, various
attempts have been made to analyze time fluctua-
tions of interacting steps on vicinal surfaces. A
Langevin formalism, for a single step in an exter-
nal harmonic potential was first considered
[3,7,18,19]. Further attempts have been made to
take into account the step–step interaction by a
hard wall approximation [20] or by considering the
fluctuations of an individual step within a step
array [21]. Correlated mass transport across
terraces was also found to induce strong time
correlations between adjacent steps (even for non-
interacting steps) [22]. Moreover, it has been
noticed that GðtÞ must ultimately diverges loga-
rithmically like the static roughness [10,21,23].
However, for strongly interacting steps and par-
ticularly for a vicinal surface below the Kosterlitz-
Thouless roughening transition these approaches
cannot be used and a full 2-d analysis is required.
In the present paper, we report on a 2-d
Langevin formalism for an anisotropic thermally
fluctuating surface above and below its roughening
transition temperature ðTRÞ. In contrast with pre-
vious works dealing with fluctuations of a rough
interface in equilibrium with a vapor (non-con-
served order parameter) [23], atom diffusion re-
stricted within the surface plane (conserved order
parameter) is here considered. Our model is a 2-d
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extension of 1-d Langevin approaches [2–6], and of
the capillary wave model, that provides useful ex-
pressions for space correlation functions above and
below TR [1]. Above TR, the spatial correlation
functions of surface heights diverges logarithmi-
cally and our approach confirms that the time
correlation function diverges like lnðtÞ as well. It is
here emphasized that for all rough vicinal surfaces,
whose time correlation functions can follow a
power law behavior within limited time ranges,
step–step interactions ultimately reduce the time
variation to a logarithmic divergence for long
times. For short times, power law behaviors are
recovered, which exponents 1=n are found de-
pending on the time range and on the energetic and
diffusional anisotropies. In addition, saturation of
GðtÞ below TR is obtained as expected. Experi-
mental results on the Cu(1 1 5) vicinal surface are
found to be in agreement with this prediction.
2. 2-d Langevin formalism
For a full description of space–time fluctuations
of a solid surface, a 2-d approach is mandatory.
We have thus developed a generic 2-d Langevin
formalism for a thermally fluctuating 2-d system.
Keeping in mind applications to vicinal surfaces,
the diffusional and energetic anisotropies are
carefully taken into account. Furthermore surfaces
above ðT > TRÞ as well as below ðT < TRÞ their
roughening transition are here considered. To keep
an easy link with previous 1-d descriptions, ap-
propriate notations for application to vicinal sur-
faces are used. One step configuration of a vicinal
surface can be described by the set of displace-
ments of step number m at ordinate y: fhm;yg (to be
more generic, the notation hðx; yÞ could be also
used for local surface heights and hðxðmÞ; yÞ for a
vicinal surface). For the ideally ordered surface,
xðmÞ ¼ mL, L being the nominal step–step dis-
tance. Fig. 1 sum up the notations used through-
out the text.
On a mesoscopic scale, a vicinal surface can be
seen as an anisotropic fluctuating surface. We use
the following model able to describe its energetic:
Within the capillary wave model, the Hamilto-
nian H of an array of steps can be written [24,25]:
H ¼
X
m;y
gx
2
ðhmþ1;y

 hm;yÞ2
þ gy
2
ðhm;yþ1  hm;yÞ2 þ V ðhm;yÞ

ð1Þ
or equivalently in the Fourier space (see Appendix
A):
H ¼
X
qx;qy
½gxð1 cosðqxÞÞ2 þ gyð1 cosðqyÞÞ
þ 4p2Vlocjh2qj: ð2Þ
In the above expressions, the localization po-
tential V ðhmðyÞÞ favors integer values of the local
surface displacements hmðyÞ, which allows de-
scribing a surface below its roughening transition
ðT < TRÞ. gx and gy are the surface stiffnesses that
depend on temperature (as shown in [1], gx and gy ,
Fig. 1. Notations used throughout the text and top view and
cross-section of Cu(1 1 5) where [1 1 0] is the step down direc-
tion. u is the miscut angle (angle between terrace and surface
planes), h is the step orientation with respect to one dense step
direction. x and y are perpendicular axis (y along step edges).
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for a vicinal surface at T > TR, are simply related
to the microscopic parameters Ek and A). How-
ever, note that analytical expressions for the lo-
calization potential Vloc and the surface stiffnesses
below TR are still not known.
The very 1-d formalism used for describing
isolated steps [3,7] or one step within an array [21],
can be extended for describing 2-d fluctuations. In
the Langevin formalism, the surface is assumed to
relax locally to minimize the system energy. The
back force depends on the diffusion processes.
Without matter conservation (i.e. for evaporation–
condensation of atoms at one isolated step), this
force is simply proportional to the energy gradient
and the 1-d Langevin equation is in that case [3]:
ohðyÞ
ot
¼  C
kT
dH
dhðyÞ
 
þ nðy; tÞ; ð3Þ
where hðyÞ is the local step displacement, C is an
atom hopping rate (also sometimes called friction
coefficient) and nðy; tÞ is a noise term allowing
thermal fluctuations. This noise is uncorrelated in
space and time and its correlation function can be
written:
hnðy 0; t0Þnðy; tÞi ¼ 2Cdðy  y0Þdðt  t0Þ: ð4Þ
Note that the very same constant C appears in
Eqs. (3) and (4), making the principle of energy
equipartition at thermal equilibrium satisfied.
For atom diffusion restrained along step edges,
return at the equilibrium position is slowed down
by local matter conservation. In that case, the
constant C within (3) has to be replaced by
þCðo2=ox2Þ [3] making the back force depending
on the local step curvature. The noise correlation
function is accordingly modified to reflect matter
conservation:
hnðy 0; t0Þnðy; tÞi ¼ 2C o
2
oy2
dðy

 y 0Þ

dðt  t0Þ:
ð5Þ
We now introduce a 2-d anisotropic Langevin
equation assuming local matter conservation for
diffusion in both directions (for a vicinal surface,
atoms are a priori allowed to jump along step edges
as well as between step edges). To perform this
calculation, we assume that surface diffusion can be
described by means of two effective hopping rates
Cx, Cy (respectively, for a vicinal surface, in the
perpendicular and parallel to step edges direction),
containing all details of the diffusion processes.
Hopping rates has further to be related to diffusion
coefficients of elementary diffusion processes.
For a locally matter conserving system, a 2-d
Langevin equation can be written:
ohmðyÞ
ot
¼ 1
kT
Cx
o2
om2

þ Cy o
2
oy2

dH
dhmðyÞ
 
þ nðm; y; tÞ: ð6Þ
Within the above expression
Da ¼ Cx o
2
om2

þ Cy o
2
oy2

is an anisotropic Laplacian reflecting anisotropic
local diffusion processes (making the back force
depending on local surface curvature). Application
of Eq. (6) is limited for time much larger than the
shortest hopping times (1=Cx or 1=Cy). In order to
satisfy the matter conservation rule and the energy
equipartition principle (in a similar way as for Eqs.
(4) and (5)), the correlation function of the noise
term gðx; y; tÞ must be written:
hnðm0; y 0; t0Þnðm; y; tÞi
¼ 2 Cx o
2
om2
dðm

 m0Þ
þ Cy o
2
oy2
dðy  y0Þ

dðt  t0Þ: ð7Þ
Solving Eq. (6) allows writing the space–time
correlation function of step fluctuations at thermal
equilibrium:
Gðm; y; tÞ ¼ hðhmðy; tÞ  h0ð0; 0ÞÞ2i ð8Þ
as a sum in the Fourier space (for calculation de-
tails see Appendix A):
Gðm; y; tÞ ¼ kT
NxNy
X
qx;qy
1 eaqjtj eiðqxmþqyyÞ
bq
; ð9Þ
where
aq ¼ 4bqkT ½Cxð1 cosðqxÞÞ þ Cyð1 cosðqyÞÞ
with
bq ¼ gxð1 cosðqxÞÞ þ gyð1 cosðqyÞÞ þ 4p2Vloc:
ð10Þ
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The time correlation function is:
Gð0; 0; tÞ ¼ GðtÞ ¼ hðhmðy; tÞ  hmðy; 0ÞÞ2i
¼ kT
NxNy
X
qx;qy
1 eaqjtj
bq
: ð11Þ
Within Eq. (9), m and y are spatial coordinates
(step edge positions for a vicinal surface). On usual
STM images, where the STM tip scans the sur-
face, measurement of step positions distant by
ðm; yÞ are separated in time by t and one measures
Gðm; y; tðm; yÞÞ where t, m and y are related by the
scanning speed. Within Eq. (11), GðtÞ is the time
correlation function for the height of one surface
site (m and y being fixed and taken as origin
ððm; yÞ ¼ ð0; 0ÞÞ). In STM studies, such measure-
ment is obtained for example by scanning the tip
repetitively along x at one fixed ordinate y.
For t ¼ 0 within Eq. (9), well known expressions
for spatial correlation functions are recovered
[1,15]:
Gðm; yÞ ¼ kT
NxNy

X
qx ;qy
1 cosðqxmþ qyyÞ
gxð1 cosðqxÞÞ þ gyð1 cosðqyÞÞ þ 4p2Vloc
:
ð12Þ
Note that single integral and asymptotic analyti-
cal forms were given for Gðm; 0Þ and Gð0; yÞ in
[1,15].
Eqs. (9), (11) and (12) are very general and valid
for every anisotropic 2-d fluctuating system. Ap-
plication of these relations only needs knowledge
of surface stiffnesses and hopping rates.
3. Discussion
3.1. Isotropic system
Eq. (9), or its integral form in a continuous ap-
proximation, can be easily computed. In the fol-
lowing, we would emphasize some properties of the
time correlation function GðtÞ (Eq. (11)). One
considers first an isotropic system (C ¼ Cx ¼ Cy
and g ¼ gx ¼ gy) at thermal equilibrium above its
roughening transition ðVloc ¼ 0Þ. For very short
times t  ð1=4CÞðkT=gÞ (i.e. in conditions out
of the hypothesis of the Langevin approach), one
gets:
GðtÞ ¼ 8Ct: ð13Þ
For larger times GðtÞ behaves as:
GðtÞ  kT
p
1
g
Z p
0
1 exp  CkT gu4jtj
	 

u
du: ð14Þ
And for long times (t  kT=Cg), GðtÞ reduces
to:
GðtÞ  kT
pg
1
4
ln
p4Cg
kT
t
 
þ C

; ð15Þ
where a logarithmic divergence of the correlation
function is obtained. The additive constant C is
numerically found equal to 0.7326. The logarith-
mic divergence is characteristic of fluctuations of a
two dimensional system. Similarly, we find that the
spatial correlation function diverges as ðkT=pgÞ
ðlnðrÞ þ 2Þ [15] where r is a spatial coordinate (m
or y). Considering here a system in its rough phase,
the logarithm prefactor must be larger than the
universal value 2=p2 and the above relations apply
for kT=g > 8=p. Fig. 2 shows the behavior of GðtÞ
in reduced coordinates. One sees that for an iso-
tropic surface the logarithmic behavior is already
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t1/2
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) G
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Γ t / kTη
Fig. 2. (--) GðtÞ (Eq. (9)) for a rough (Vloc ¼ 0 K) isotropic
surface. The various dashed and dotted lines indicates linear,
t1=4, t1=2 and lnðtÞ behaviors for comparison. The hatched area
(t < kT=4Cg) is a time region where the Langevin approach is
irrelevant.
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reached at short times and that power law be-
haviors with 1=n exponents (n ¼ 4 or 2) are not
present in that case.
Below TR ðkT=g < 8=pÞ, Vloc becomes positive
and the very presence of the 4p2Vloc term within bq
makes temporal and spatial correlation function
saturate for long times and large distances to the
same value: For Vloc < g=8p2 (i.e. slightly below
TR) saturation occurs after a quasi-logarithmic
regime and one gets:
Gðt !1Þ ¼ Gðr !1Þ  kT
g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 8p2 Vlocg
q ; ð16Þ
whereas for Vloc > g, the correlation function is in
the linear regime before saturation to:
Gðt !1Þ ¼ Gðr !1Þ  kT
4p2Vloc
: ð17Þ
3.2. Anisotropic system, T > TR
We consider now a rough ðVloc ¼ 0Þ strongly
anisotropic system where (as for usual vicinal
surfaces) gx  gy and Cx  Cy . Depending on the
dominant term within aq, (and thence on the
considered time range) different analytical expres-
sions can be obtained as shown in Appendix A and
as summarized in Table 1.
Similarly to the isotropic case, for very short
times (t  t1 ¼ kT=4Cygy , i.e. beyond the strict
validity of the Langevin description) one obtains
the gx and Cx independent expression:
GðtÞ  4Cy t: ð18Þ
For short times, and provided:
t1 < t < t2 ¼ kT
4Cygy
gx
gy
 
þ Cx
Cy
!2
Table 1
Depending on time and the stiffness and hopping rate anisotropies, simple analytic forms are obtained for the time correlation function
from the very same basic equation (Eq. (11))
Time interval Time correlation function
Isotropic case
t <
1
4C
kT
g
GðtÞ ¼ 8Ct
t >
1
C
kT
g
GðtÞ  T
pg
1
4
ln
p4Cg
T
t
 
þ cte

Anisotropic case
t  kT
4Cygy
4Cy t
kT
4Cygy
< t <
kT
4Cygy
gx
gy
 
þ Cx
Cy
!2
2
Cð3=4Þ
p
kT
gy
 !3=4
ðCy tÞ1=4
gy
gx
 Cy
Cx
kT
4Cygy
gx
gy
 
þ Cx
Cy
!2
< t <
kT
4Cygx
gx
gy
 
þ Cx
Cy
!1
8p3=2
kT
gy
gx
gy
 "
þ Cx
Cy
!
Cy t
#1=2
kT
4Cygx
gx
gy
 
þ Cx
Cy
!1
< t
kT
p ffiffiffiffiffiffiffiffigxgyp
1
4
ln p4
gx
kT
Cxt
 
þ C

gy
gx
 Cy
Cx
kTgy
4Cyg2x
< t kT
p ffiffiffiffiffiffiffiffigxgyp
1
4
ln p4
g2x
gykT
Cy t
 !"
þ C
#
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one gets the following expression that is also gx
and Cx independent:
GðtÞ ¼ 2Cð3=4Þ
p
kT
gy
 !3=4
ðCytÞ1=4: ð19Þ
In this time interval, diffusion along the y axis
dominate the system. The usual expression for
time fluctuations of isolated steps with diffusion
restricted to step edges [7] is recovered. In this t
range, surface stiffnesses and/or diffusion aniso-
tropies make the system look one dimensional.
For longer times, such that
t2 < t < t3 ¼ kT
4Cygx
gx
gy
 
þ Cx
Cy
!1
one gets:
GðtÞ ¼ 8p3=2 kT
gy
gx
gy
 "
þ Cx
Cy
!
Cyt
#1=2
: ð20Þ
In this regime, step fluctuations are correlated.
Assuming first that the energetic anisotropy is
much higher than the diffusion one (gy=gx 
Cy=Cx), one gets:
GðtÞ ¼ 8p3=2 kT
gy
Cxt
" #1=2
; ð21Þ
where atom diffusion along the x axis (between
neighboring steps for a vicinal surface) induces the
correlation. For very long times t > t3, one gets:
GðtÞ ¼ kT
p ffiffiffiffiffiffiffiffigxgyp
1
4
ln p4
gx
T
Cxt
 
þ C

; ð22Þ
where the added constant C is equal to that of the
isotropic case. A logarithmic divergence of the time
correlation function is obtained. This is reminiscent
of spatial correlation functions for an anisotropic
system that diverge similarly according to:
Gðm; 0; 0Þ ¼ kT
p ffiffiffiffiffiffiffiffigxgyp ½lnðmÞ þ 2 and
Gð0; y; 0Þ ¼ kT
p ffiffiffiffiffiffiffiffigxgyp lnðyÞ

þ 3
2

½15:
ð23Þ
Thus, GðtÞ may vary like to t1=n (n ¼ 1, 2 or 4) or
like to lnðtÞ, depending on the time range and on
the stiffness/hopping rate anisotropies. This is il-
lustrated in Fig. 3 where parameters are chosen in
order to produce well distinct regimes in the rough
phase.
Assuming now that the system anisotropy is
governed by the diffusion ð1 gy=gx  Cy=CxÞ,
the extended t1=2 regime shrinks in that case, as
upper limits for the t1=2 regime and the t1=4 regime
become similar ðt2  t3Þ. For long times t > t3 ¼ t2,
one has:
GðtÞ ¼ kT
p ffiffiffiffiffiffiffiffigxgyp
1
4
ln p4
g2x
gyT
Cy t
 !"
þ C
#
; ð24Þ
where C is again the same as for the isotropic case.
Fig. 4 illustrate the GðtÞ behavior in that case.
In contrast with previous 1-d approaches of
step dynamics, the above expressions show that
the time correlation function depends on both
energetic and hopping rates in the two directions.
According to the expression of t1, t2 and t3 inter-
mediate t1=4 or t1=2 regimes after the linear and
before the logarithmic regimes only exist for sys-
tems with some energetic anisotropy (whatever is
the diffusion anisotropy). The diffusion anisotropy
governs the relative extension of the t1=4 (strong
Fig. 3. (--) GðtÞ (as obtained from Eq. (11)) for a rough
(Vloc ¼ 0 K) anisotropic surface (Cx=Cy  gx=gy). Parameters
are chosen to get well-separated regimes. The various dashed
and dotted lines indicates the t (Eq. (18)), t1=4 (Eq. (19)), t1=2
(Eq. (20)) and lnðtÞ (Eq. (22)) approximations according to
Table 1 and vertical dashed lines gives the limit between the
various regimes.
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diffusion anisotropy) and t1=2 regimes (low diffusion
anisotropy) in the intermediate time range
ðt1 < t < t3Þ (see also Section 4). As already pointed
out in [20] and experimentally observed for vicinals
of Cu(1 1 1) around 500 K and for Ag(1 1 1) around
450 K [2], a gradual transition from t1=4 to t1=2 may
occur. This is the signature that these systems are
governed by the step stiffness anisotropy ðgy 
gxCy=CxÞ.
3.3. T < TR
Below TR, both temporal and spatial correlation
functions saturate to the very same value. The
localization potential Vloc is not zero and is an in-
creasing function of ðTR  T Þ. For gx  gy and
Vloc  gx, one gets:
Gðt !1Þ ¼ Gðr !1Þ
 kTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gyðgx þ 4p2VlocÞ
q : ð25Þ
For 8p2ðVloc=gyÞ > 1 2ðgx=gyÞ, GðtÞ saturates
to this value after the linear regime. For temper-
ature closer to TR, Vloc decreases and saturation
occurs within the t1=4 regime provided one has:
8p2
Vloc
gx
>
1
2
p
Cð3=4Þ
 2
1
 
þCxgy
Cygx

 4Cð3=4Þ2
!
:
ð26Þ
For lower Vloc values (T closer to TR ) the t1=2
regime (for gy=gx  Cy=Cx) is reached prior to
saturation and it is only in a narrow temperature
region below TR that saturation may occur after a
transient logarithmic regime. To illustrate these
results for T < TR, GðtÞ is shown on Fig. 5 for
various Vloc values (as for comparison, typical
values of Vloc for Cu(1 1 5) within the 300–365 K
temperature range are given in Table 4, much
higher values can be expected for T < 293 K),
while keeping constant the other parameters (Cx,
Cy , gx and gy).
4. Vicinal surfaces
To illustrate the results of our 2-d Langevin
formalism, direct application to vicinal surfaces is
now considered. Energetic parameters and diffu-
sion properties were extensively measured and/or
predicted by theoretical calculations for vicinals of
Cu(1 1 1) or Cu(0 0 1), giving a set of data for these
surfaces that can be used to illustrate on a realistic
Fig. 4. (--) GðtÞ (as obtained from Eq. (11)) for a rough
(Vloc ¼ 0 K) anisotropic surface (gx=gy  Cx=Cy). Parameters
are chosen to get well-separated regimes. The various dashed
and dotted lines indicates the t (Eq. (18)), t1=4 (Eq. (19)), and
lnðtÞ (Eq. (24)) approximations according to Table 1. An ex-
tended t1=2 (Eq. (20)) regime is not present in that case.
Fig. 5. GðtÞ (as obtained from Eq. (11)) for a flat (Vloc > 0)
anisotropic surface (gx=gy  Cx=Cy). Depending on the Vloc
value (gx, gy and Cx, Cy being fixed) saturation may occur within
the t, t1=4, t1=2 or lnðtÞ regime.
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system some results of our approach. In that way,
using reasonable values of the parameters, the
temperature interval and the terrace width range
where the diffusion anisotropy dominates can be
given (T–L diagram). Also given, (t–T ) and (t–L)
diagrams showing, as a function of temperature or
terrace width, the extension of the various regimes
forGðtÞ. These results are displayed from Figs. 7–9.
The behavior of GðtÞ for one vicinal surface can
be determined from its average step density ð1=LÞ,
together with its two energetic constants (Ek and A)
and hopping rates Cx, Cy . All parameters (gx, gy
and Cx, Cy) are temperature and a priori also L
dependent. The step density is given by the miscut
u (angle between the terrace plane and the surface
plane): 1=L ¼ sinðuÞ=h with h the elementary step
height. We note h the step orientation (angle be-
tween the step direction and the closest surface
dense atomic row). Within the capillary wave ap-
proach, surface stiffnesses are related to energetic
parameters (Ek and A) according to [1]:
gy ¼
kT
b2ðh; T Þ þ
1
L2
d2dðh; T Þ
dðtanðhÞÞ2 and
gx ¼
6dðh; T Þ
L4
;
ð27Þ
where
dðh; T Þ ¼ p
2
6
kTb2ðh; T Þk2 with
k ¼ 1
2
1
"
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4A
kTb2ðh; T Þ
s # ð28Þ
and where b2ðh; T Þ is the step diffusivity whose
expression for h 6¼ 0 in [15] reduces for h ¼ 0 to:
b2ðh ¼ 0; T Þ ¼ 1
coshðEk=kT Þ  1 : ð29Þ
Note that when neglecting the small second term
in gy , TR is given by:
TR ¼ 2p
ffiffiffiffiffiffiffiffi
gxgy
p
;
A
kTRb2ðh; TRÞ ¼
ðL2  1Þ2  1
4
:
ð30Þ
Similarly, the energetic anisotropy can be ap-
proximated by:
gy
gx
 kTL
4
p2Ab2ðh; T Þ ; ð31Þ
that is an increasing function of L and a decreasing
function of T . Table 2 sums up the Ek and A values
for Cu(0 0 1) and Cu(1 1 1) vicinals that we used to
evaluate gx and gy .
Concerning hopping rates, their relation with
diffusion parameters (nature and concentration of
diffusing species, activation energies for diffusion)
is less clear and is still a wide matter of debate [26].
Considering the Cad adatom concentration along
step edges at thermal equilibrium, and their diffu-
sion factor along step edges, the hopping rate for
adatoms along straight step edges is:
Cady ¼ CadstepDadstep with
Dadstep  my exp
 
 E
Diff
y
kT
!
;
ð32Þ
where EDiffy is the activation energy for adatom
diffusion along straight step edges. Detachment
along the step edge of one atom from one kink
Table 2
Geometric and energetic parameters for vicinal surfaces of Cu
Vicinals of Cu(0 0 1) Vicinal of Cu(1 1 1)
(1 1 5) [34] (1 1 11) [7] (1 1 19) [2] (21 21 23) [2]
u 15.79 7.32 4.26 2.49
Terrace width 2.5 at.u. 5.5 at.u. 9.5 at.u. 65/3 at.u.
L 0.66 nm 1.41 nm 2.42 nm 4.78 nm
Ek 1430 20 K 1430 K 1484 K 1310 K
A 65 5 K 70 K 82 K 71 K
* In our Monte-Carlo analysis step–step interaction was restricted to first neighbors, giving a AMC value of 100 K. Eqs. (27) and (28)
are valid for a model where interaction between every pair of steps is considered [1]. By means of the capillary wave model (interaction
between all steps), one gets A ¼ 65 K  6AMC=p2.
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giving formation of two kinks, the adatom con-
centration at thermal equilibrium is:
Cadstep ¼ exp

 2Ek
kT

ð33Þ
and the total activation energy for Cady is equal to
2Ek þ EDiffy .
Displacement of kinks is responsible of fluctu-
ations of step edge positions. Measurements of the
time correlation of step edge positions are thus
sensitive to kink diffusion [3]. Considering that
kink diffusion occurs by detachment–attachment
of atoms from one kink to another, the total ac-
tivation energies for Cy was found equal to
3Ek þ EDiffy when adatom diffusion along a kinked
step is considered [2,27,28], or to 2Ek þ EDiffy by
modeling the step edge as a 1-d solid-on-solid
surface [26]. We could also consider that Cy is
the product of the concentration Ck ¼ b2ðT Þ 
2 expðEk=kT Þ of the diffusing species (kinks at
steps) by a kink diffusion factor in the y direction
with an activation energy EDiff ky .
Cy ¼ CkDky with Dky  my exp
 
 E
Diff k
y
kT
!
: ð34Þ
A kink displacement of one site along y occurs
when an adatom detaches or attaches to the kink.
The activation energy associated to Dky is equal
here to the attachment–detachment activation en-
ergy EDiff ky ¼ 2Ek þ EDiffy , giving a total activation
energy for Cy : 3Ek þ EDiffy in agreement with [2]. In
the following, we keep this expression for numer-
ical application. Other expressions for Cy (ac-
cording to [26] and/or including an additional
barrier for adatom diffusion across kinks) could be
considered and would alter only quantitatively our
(T–L) and (T–t) diagrams. Fig. 6 gives a scheme of
the evolution of the system energy during a kink
diffusion event and sum up our notations.
In the x direction, one expression for the pa-
rameter Cx we have introduced can be obtained
using the dimensional analysis as in the Case D
(diffusion from step to step) of Pimpinelli et al. [4],
giving:
Cx  C
ad
terD
ad
ter
L
; ð35Þ
where Cadter is the adatom concentration over the
terraces and Dadter their diffusion factor on the ter-
races. In this relation the factor 1=L was intro-
duced as the probability for one detaching atom
from one kink at a given step to attach to another
kink at an adjacent step [4]. Introducing this ex-
pression into our Eq. (21), one gets the very same
expression for GðtÞ than Eq. (3.24) of [2]:
GðtÞ  CadD
ad
ter
L
kT
gy
t
" #1=2
with
b2ðh; T Þ  kT
gy
and Dadter ¼ mx exp

 E
Diff
ter
kT

ð36Þ
Fig. 6. Energy of the system during a kink diffusion event by
atom detachment–attachment from kink sites. Kink diffusion is
sensitive to the total barrier height. Dashed lines: diffusion
along steps ðCyÞ (by adatom detachment–attachment from
kinks from/onto the same step edge), solid lines: diffusion along
the x direction ðCxÞ (by adatom detachment–attachment from
kinks onto/from terraces). Parameters are given in Table 3.
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with EDiffter the adatom diffusion energy on the ter-
races. Eadter being the energy to create an adatom on
the terraces from a kink, their concentration is:
Cadter ¼ expðEadter=kT Þ and the total activation en-
ergy for Cx is in that case: Ek þ Eadter þ EDiffter .
A similar expression can be obtained by a way,
consistent with our derivation of Cy . Writing the
hopping rate as the product of concentration
species by their diffusion factor in the x direction,
one gets:
Cx ¼ CkL D
k
x with D
k
x  mx exp

 E
Diff k
x
kT

ð37Þ
where Ck is the very same kink concentration as
for Cy and Dkx their diffusion factor in the x direc-
tion. Ck=L ¼ b2ðT Þ=L  ½2 expðEk=kT Þ=L is now
the concentration of diffusing species within one
unit cell ða LÞ for diffusion in the x direction, the
factor 1=L reflecting here the geometrical aniso-
tropy. The activation energy for Dkx is the activation
energy for detachment or attachment of adatoms
onto/from the terraces. Without a Schwoebel
barrier at steps, it is equal to EDiff kx ¼ Eadter þ EDiffter ,
giving a total activation energy for Cx ¼ Ek þ
Eadter þ EDiffter . As for Cy , other expressions of the
activation energy for Cx can be used that alter only
quantitatively the following (T–L) and (T–t) dia-
grams.
For numerical application, we used results of
effective medium theory (EMT) calculations by
Stoltze [29] where a full set of parameters for vic-
inals of Cu on static substrates is available. Table 3
sums up these results. A common prefactor
mx ¼ my ¼ 1013 is arbitrarily chosen. Using the
above expressions for gx, gy (27), Cx (35), and Cy
(34), a T–L diagram, giving the domains where the
energetic or the diffusion anisotropy dominates the
systems defined by the above parameters, can be
obtained (see Fig. 7). This figure shows that the
behavior of a vicinal surface is dominated by its
energetic anisotropy at low T and by its hopping
anisotropy at high T . The limit between the two
domains is plotted together with the roughening
temperature TRðLÞ according to Eq. (30). For low
T values, where gy=gx  Cy=Cx no extended t1=2
regime is present. It is always the case in the flat
phase ðT < TRÞ.
Fig. 8 shows for L ¼ 65=3 at.u. (as for
Cu(21 21 23)), a wide extension of the t1=4 regime
and in contrast a much narrower extension of the
t1=2 regime, vanishing for low T , before logarithmic
saturation occurs. Note that the plotted limits
correspond to smooth transitions between regions
where well-defined t1=n regimes are found. The
(t–L) diagram of Fig. 9 (where values of EDiff kx and
EDiff ky resulting from the fit of data on vicinals of
Table 3
EMT adatom creation energies [29] and activation energies for kink diffusion along step edges (i.e. adatom detachment from kinks to
step edge) ðEDiffy Þ and from one step to another step (i.e. adatom detachment from kinks to terraces) ðEDiffx Þ as obtained from analysis of
experimental data of [2,8,30]. All energies are in eV
Cu(1 1 1) Cu(0 0 1)
Creation of adatom along step edges  2Ek Eadstep 0.23 [2] 0.247 [1,2]
Activation energy for diffusion along step edges (EMT) EDiffstep 0.226 [29] 0.247 [29]
Prefactor mx ¼ my 51012 1.51013
Activation energy for kink diffusion along step edges (this work from
data of [2,8,30])
EDiff ky 0.60 0.43
Additional barrier at kink site for detachment along step edges:
EDiff ky  ðEadstep þ EDiffstep Þ
dEstep 0.144 )0.064
Creation of adatom onto terraces (EMT) Eadter 0.714 [29] 0.507 [29]
Activation energy for diffusion onto terraces (EMT) EDiffter 0.094 [29] 0.425 [29] or 0.21 [32]
Activation energy for kink diffusion on terraces (this work from data
of [2,8,30])
EDiff kx 0.80 0.67
Additional barrier at kink site for detachment along step edges:
EDiff kx  ðEadter þ EDiffter Þ
dEter )0.008 )0.262 or )0.047
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Cu(1 1 1) are used, see Section 5) shows for
T ¼ 505 K that the intermediate t1=2 regime van-
ishes for low L values. Disappearing of the t1=2
regime corresponds to the transition from a dom-
inant stiffness anisotropy gy=gx  Cy=Cx for wide
terraces or high T to a dominant hopping aniso-
tropy gy=gx  Cy=Cx for narrow terraces or low T .
A 1-d Langevin approach can be used (Eq. (19))
within the t1=4 domain.
5. Fit of data for vicinals of Cu(001) and Cu(111)
Within our 2-d Langevin formalism, one could
tentatively fit available data for vicinals of
Cu(0 0 1) [2,8] and Cu(1 1 1) [30] using the original
GðtÞ curves. Ek and A values of Table 2 are used.
Concerning Cu(1 1 1), measurements of GðtÞ were
performed on the Cu(21 21 23) surface between 305
and 500 K [30]. GðtÞ was found to exhibit an ap-
parent power law with n ¼ 1=4 exponent. How-
ever, fitting these data, in the low temperature
range (305–440 K) is not enough to fix accurately
Dky and D
k
x. The difference in activation energy
EDiff kx  EDiff ky can be much more precisely fixed
considering the transition between the t1=4 and the
t1=2 regime observed around t ¼ 30 s at T ¼ 505 K
for 60–150 nm distant steps on Cu(1 1 1) [31]. In
our fitting procedure, an intermediate value of 100
nm for the terrace width is taken. To reproduce a
Fig. 7. T–L diagram showing the domains where the energetic
or the diffusion anisotropy dominates the system. (––).
my ¼ mx ¼ 1013 s1. For vicinals of Cu(1 1 1), parameters are
Ek ¼ 1310 K, A ¼ 71 K, total activation energy for Cy ð3Ek þ
EDiffy Þ ¼ Ek þ 0:456 eV and for Cx ðEk þ Eadter þ EDiffter Þ ¼ Ek þ
0:808 eV according to Stoltze [29]. Dotted line: vicinals of
Cu(0 0 1), Ek ¼ 1430 K, A ¼ 70 K, total activation energy for
Cy ¼ Ek þ 0:494 eV and for Cx ¼ Ek þ 0:932 eV. Also given
(dashed line) the roughening temperature TRðLÞ according to
Eq. (30). The relatively small differences between the energetic
parameters of vicinals of Cu(0 0 1) and Cu(1 1 1) (see Table 2)
makes the TR curves similar for both vicinals.
Fig. 8. t–T diagram showing the extension of the various re-
gimes of GðtÞ for L ¼ 65=3 at.u. (L ¼ 4:78 nm, for a vicinal
of Cu(1 1 1)). Other parameters are: Ek ¼ 1310 K, A ¼ 71 K,
my ¼ mx ¼ 1013 s1, activation energies for kink diffusion:
EDiff ky ¼ 0:456 eV and EDiff kx ¼ 0:808 eV according to Stoltze
[29]. A 1-d Langevin approach is valid (Eq. (19)) for times
within the t1=4 domain. Horizontal dashed lines gives one typical
measurement window (1 < t < 1000 s).
Fig. 9. t–L diagram showing the extension of the various re-
gimes of GðtÞ for T ¼ 505 K. Other parameters are: Ek ¼ 1310
K, A ¼ 71 K, my ¼ mx ¼ 5 1012 s1, EDiff ky ¼ 0:6 eV and
EDiff kx ¼ 0:8 eV. A 1-d Langevin approach is valid (Eq. (19)) for
times within the t1=4 domain. Horizontal dashed lines gives one
typical measurement window (1 < t < 1000 s).
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transition at t ¼ 30 s, a value of 0.2 eV for
EDiff kx  EDiff ky is obtained that is found weakly
dependant on Dky . Thus, fitting the set of data for
Gðt ¼ 1 sÞ with our Eq. (11) (see Figs. 10 and 11)
and assuming the very same frequency prefactor
for Dkx and D
k
y , one gets: mx ¼ my ¼ 5 1012,
EDiff ky ¼ 0:60 eV and EDiff kx ¼ EDiff ky þ 0:2 ¼ 0:80
eV. Concerning vicinals of Cu(0 0 1), GðtÞ was
measured for Cu(1 1 19) (310–360K) andCu(1 1 79)
(390–600 K) [2,8]. Fitting GðtÞ for t ¼ 0:03, 1 and 4
s with our Eq. (11) (see Fig. 10) allows getting
reasonable absolute values of GðtÞ and of the ap-
parent time exponents with the parameters: mx ¼
my ¼ 1:5 1013 and EDiff ky ¼ 0:43 eV and EDiff kx ¼
0:67 eV. The quality of the fit of the whole data
indicates that these values can be considered as
reasonable. Calculation of valid error bars needs a
fit including the full set of original data.
Also given in Fig. 10 values of Gðt ¼ 1 sÞ ob-
tained in the 1-d Langevin approach (Cx ¼ 0, Eq.
(19)). Differences with the result of the 2-d
Langevin calculation shows that for the considered
values of the parameters, a contribution of adatom
attachment–detachment from steps is present at
high temperature.
One could add further comments on the acti-
vation energies that we have obtained. The acti-
vation energy for Dkx must be at least higher than
the sum of the creation energy of an adatom on the
terrace from one kink ðEadterÞ and its activation en-
ergy for diffusion on terraces ðEDiffter Þ as already
considered in [31]. Along the steps, EDiff ky must be
at least higher than the sum of the creation energy
for an adatom along the step edge from a kink
ðEadstepÞ and its activation energy for diffusion along
the steps ðEDiffstep Þ (see Fig. 6). An additional energy
Fig. 11. GðtÞ for L ¼ 65=3 at:u: ¼ 4:78 nm, (as for
Cu(21 21 23), L ¼ 4:78 nm), other parameters are: Ek ¼ 1310 K,
A ¼ 71 K, my ¼ mx ¼ 5 1012 s1, EDiff ky ¼ 0:60 eV and
EDiff kx  EDiff ky ¼ 0:2 eV. Curves: (––––––) T ¼ 505 K and
(––d––d––) 600 K. Logarithmic divergence is observed
after the t1=4 regime (without an intermediate extended t1=2
regime). GðtÞ for widely separated steps: L ¼ 100 nm ¼ 453
at.u. (––––––) T ¼ 505 K. A t1=4–t1=2 transition is obtained.
Vertical dashed lines indicate the measurement window in [2].
Fig. 10. Top: Cu(21 21 23), () Gðt ¼ 1 sÞ versus temperature
[2,30]. Bottom: vicinals of Cu(0 0 1). (, ) experimental data
from [8]. (- -N- -) fit of the set of experimental data using Eq.
(11). For Cu(21 21 23) parameters are: L ¼ 65=3 at:u: ¼ 4:78
nm, Ek ¼ 1310 K, A ¼ 71 K and one gets my ¼ mx ¼ 5 1012 s1,
EDiff ky ¼ 0:60 eV and EDiff kx ¼ EDiff ky þ 0:2 eV ¼ 0:80 eV. For
vicinals of Cu(0 0 1), parameters are: Ek ¼ 1430 K, A ¼ 70 K
and one gets my ¼ mx ¼ 1:5 1013 s1, EDiff ky ¼ 0:43 eV and
EDiff kx ¼ 0:67 eV. The vertical dashed line separates (1 1 19) and
(1 1 79) data. (––d––d––) t1=4 power laws according to Eq. (19)
with the same parameters.
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barrier dEstep ¼ EDiff ky  ðEadstep þ EDiffstep Þ and dEter ¼
EDiff kx  ðEadter þ EDiffter Þ due to detachment of ada-
toms from kinks towards step edges or terraces or
to a Schwoebel barrier (diffusing adatoms in the x
direction must cross steps) may be also considered.
Although a simple diffusion path is considered
here, more complex diffusion path including some
asymmetry between detachment–attachment at
kinks, adatom-kink crossing along step edges as
well as for adatoms ascending or descending one
step could be introduced.
At first, it can be noticed that mx and my are
typical pre-exponential factors for diffusion lying
in the 1012–1013 range. The EDiff ky (0.60 eV) and
EDiff kx (0.20 eV) values we obtain for vicinals of
Cu(1 1 1) can be compared with the results of EMT
calculations of Stoltze [32]. Table 3 sum up the
obtained activation energies for kink diffusion and
the EMT results for its components. The obtained
values compare well with the theoretical ones,
giving an extra energy dEstep of only 0.14 eV that
could be attributed to the kink detachment and
almost 0 for dEter.
For vicinals of Cu(0 0 1), comparison with
Stoltzes values gives an almost negligible value of
dEstep and a surprisingly negative value of )0.26 eV
for dEter. We must be cautious about this dis-
agreement, as the available data do not allow a
very accurate fit of EDiff kx . (for Cu(1 1 1) a much
better sensitivity on this parameter is obtained
considering the observed t1=4–t1=2 transition). Note
however that for diffusion by an exchange mech-
anism on Cu(0 0 1) on a dynamic substrate, values
of the free energy EDiff ky as low as 0.2 eV has been
obtained by a coupled EMT Monte-Carlo ap-
proach [32], for which for dEter would be almost 0.
However, this last value of EDiff ky appears contro-
versial as ab initio calculation gives an activation
energy of 0.96 eV for the exchange mechanism
[33]. Comparison with other theoretical results can
be also done through the extensive review of Gie-
sen in [2]. Beyond these values, fits including
Schwoebel barriers and thus different expression
for Cx and Cy have to be done. Our fit shows that
reasonable order of magnitudes for adatom for-
mation and their diffusion (along steps and onto
terraces) are obtained using our 2-d Langevin
analysis.
Finally, some more comments can be done on
the t1=4–t1=2 transition observed around 500 K
[2,31] on one vicinal of Cu(1 1 1) with 100 nm wide
terraces. This behavior can be compared to the one
of the nominal Cu(21 21 23) surface, where a t1=4
regime was observed below T ¼ 500 K and t0:45 at
600 K for short times (0.1–10 s) [30]. For L ¼ 65=3
(as for Cu(21 21 23)) at T ¼ 505 K and using our
parameters for Cu(1 1 1) vicinals, one gets the GðtÞ
curve given in Fig. 11. For this temperature, the
domain where the t1=2 regime would be present is
so narrow that the logarithmic divergence is better
seen after the initial t1=4 regime. One further ob-
tains for T ¼ 600 K, an apparent exponent
1=n ¼ 0:4 (within the interval 0.1–3 s) close to the
experimental value [30] and a logarithmic varia-
tion for t above a few seconds. This indicates that
only the temperature variation of the exponent
at short times and not a t1=4–t1=2 transition at one
given temperature can be pointed out on the
nominal surface due to logarithmic divergence for
long times. Conversely, the time domain for the
t1=2 behavior being much more extended for larger
step–step distance (see Fig. 9), one finds, in
agreement with the experiment, that the transition
must be clearly observable for L ¼ 100 nm.
6. Cu(115) STM study
As previously indicated, the 2-d Langevin ap-
proach is mandatory to analyze experiments for
times higher than kT=4gxCx (i.e. at high T (see
Figs. 7 and 8) or vicinals with narrow terraces where
lower energetic or diffusion anisotropy can be ex-
pected). It is also the case for surfaces below the
roughening transition. The present 2-d Langevin
approach is thus the appropriate tool for analyzing
our low temperature measurements of GðtÞ on the
Cu(1 1 5) vicinal surface, which energetic parame-
ters has been recently obtained from the analysis of
spatial correlation function measurements [34].
6.1. Experimental
The Cu(1 1 5) sample has been studied by vari-
able temperature STM (VT-STM). Our VT-STM is
a commercial Omicron. Electrochemically etched
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tungsten tips were used. A resistive PBN plate on
the back side of the sample and inside the sample
holder allowed sample heating. Depending on tip
stability, surface quality and temperature, tip-
scanning speed between 40 and 230 nm/s were used
and data taking time for 20  20 nm2 STM pic-
tures varied from 25 s to 2.5 min.
The sample has been spark cut from a single
crystal (9 3 mm2, 2 mm thick) and mechanically
polished. The surface orientation (miscut angle
15.79) is along the (1 1 5) direction within 0.15 as
shown by X-ray Laue diffraction. Under UHV,
surfaces are cleaned by cycles of Arþ bombard-
ment (typically: 3 lA, 600 eV, 1 h) followed by
short annealing above 850 K. The lattice constant
is a0 ¼ 0:360 nm. Steps are oriented along the
½110 dense direction, atoms at step edges are
separated by the next nearest neighbor distance
a ¼ a0=
ffiffiffi
2
p ¼ 0:255 nm. The average terrace width
(2.5 atoms wide) is L0 ¼ 2:5, a ¼ 0:636 nm. The
step–step average distance and the step height
are respectively L ¼ 0:66 nm and h ¼ 0:18 nm (see
Fig. 1).
6.2. Experimental results and analysis of STM
images
On the Cu(1 1 5) surface, steps are very close
and a low apparent surface corrugation results. A
high resolution (0.07 nm/pixel, i.e. 3–4 pixels per
atomic distance) is necessary to reach the atomic
resolution allowing observation of kinks at steps
without digitalization noise. It is worth noting that
the surface corrugation is much lower for this
closely spaced step surface than for vicinals with
higher index, like Cu(1 1 11) [15].
In a recent contribution devoted to a compar-
ative study of the thermal roughness of the
Cu(1 1 5) and the Cu–Pd(17%)(1 1 5) alloy surface,
VT-STM images were analyzed [34]. The second
moment of the terrace width distribution was
found to be lower than the universal value 4=p2 [1].
It is a first indication that the Cu(1 1 5) surface at
room temperature is below its roughening transi-
tion. The observed saturation of Gðm; 0Þ is also an
indication that the surface is below TR. Measure-
ments of the correlation function of step edge
displacements Gðm; 0Þ, in the fast scan direction
where the time dependence can be neglected, al-
lowed characterizing the surface roughness at
three temperatures: 300, 325 and 365 K.
The temperature range ðT < TRÞ and the time
dependence in Gð0; y; tÞ complicate the data anal-
ysis. As previously reported in [34], considering
only Gðm; 0Þ is not enough to determine unam-
biguously gx, gy and Vloc for T < TR. We proceed as
follows. Monte-Carlo simulation (see [34]) to-
gether with the capillary wave approach, where
surface stiffnesses for T > TR. can be obtained
from (27) (see also the solution of the lattice Cal-
ogero Sutherland model [14]) are used. Parameters
are obtained by fitting together the Gðm; 0Þ data
for the three temperatures. A Monte-Carlo fit,
where only elastic step–step interactions restricted
to adjacent steps are considered, gives Ek ¼ 1430
K and AMC ¼ 100 K. Within the capillary wave
approach, where elastic interactions between all
pairs of steps is considered, Ek ¼ 1430 K and
ACap ¼ 65 K values allow reproducing Monte-
Carlo simulations for T > TR. Fixing the Ek (1430
K) and AMC (100 K) values, Gð0; yÞ can be further
obtained by MC simulations for T < TR. We have
now enough data to get, by means of Eq. (12) (see
also [1]), values of gx, gy and Vloc reproducing the
MC results (Gðm; 0Þ and Gð0; yÞ for each temper-
ature). So-obtained parameters are reported in
Fig. 12 and in Table 4 for the three temperatures.
As noticed in [1] it is noteworthy that the gx ex-
pression remains valid below TR whereas gy is
strongly affected.
In summary, measurements of the step corre-
lation function ðGðm; 0ÞÞ for three temperatures
below TR allowed to get the energetic parameters
of the vicinal surface: kink energy: Ek ¼ 1430 K
and step–step interaction constant: A ¼ 65 K. A
roughening temperature ðTRÞ of 380 K is further
deduced [34]. Calculation of Gð0; y; 0Þ with the
obtained parameters gives much lower values than
the measured quantity Gð0; y; tÞ. This confirms
that the time dependence (each data being sepa-
rated by the time necessary to scan one picture
line) cannot be neglected in these measurements
and that images are indeed space–time mixed.
In order to separate spatial and temporal de-
pendences, time images were recorded by repeti-
tively scanning one single line along x (see Fig. 13).
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For T ¼ 300 K, very few step displacements are
observed whereas for T ¼ 365 K rapid fluctuations
are visible. From statistical analysis on several
images (see Table 5), the time correlation function
Gð0; 0; tÞ is obtained. Results are given in Fig. 14
for the three temperatures. Gð0; y; tÞ and GðtÞ ap-
pear very similar (see Fig. 15). This experimentally
confirms that the time dependence cannot be ne-
glected in Gð0; y; tÞ. For short times, fitting GðtÞ
with a power law t1=n gives an apparent exponent
with n ¼ 8, much lower than the exponent 1=4
measured for isolated steps in the diffusion along
step edge regime (room temperature for Cu).
Moreover at larger times GðtÞ tends to saturate
like Gðm; 0Þ or Gð0; y; tÞ. The following analysis
shows that step–step interactions are indeed re-
sponsible for so low time fluctuations.
The energetic parameters being known, time
and spatio-temporal correlation functions can be
fitted. Our measurements being in the low T range
(T < 400 K), Cx can be neglected (see Fig. 10). Cy
values allowing a good fit of GðtÞ (Fig. 14) and
Gð0; y; tÞ (Fig. 15) result and are reported in
Fig. 12. ðjÞ Temperature variations of gx, gy and Vloc (in
Kelvin) fitting Gðm; 0Þ and Gð0; yÞ obtained by MC simulations.
ðÞ for measurement temperatures ðT < TRÞ. Parameters of the
MC simulation (elastic step interaction restricted to adjacent
steps) are: Ek ¼ 1430 K and AMC ¼ 100 K (system size: 76
steps 1300 a). For T > TR the capillary approach (Eq. (9),
elastic interaction between every pair of steps) gives ACap ¼ 65
K. Continuous line: guide to the eye, dashed lines: gx and gy
according to Eq. (27) (see also [1]).
Fig. 13. VT-STM time images of Cu(1 1 5). Left: T ¼ 300 K (14
nm 80 s, 152 400 pixels2), scan speed along the x direction:
140 nm/s. Right: T ¼ 365 K (14 nm 20 s, 152 200 pixels2),
scan speed 280 nm/s.
Table 4
Parameters fitting the spatial (Eq. (12)) and spatio-temporal (Eq. (9)) correlation functions
300 K 325 K 365 K
gx (K) 21.8 23.4 26.5
gy (K) 7.1 104 3.7 104 1.65 104
Vloc (K) 3.95 1.38 0.04
Cx (s1) 0 0 0
Cy (s1) ð1:0þ0:70:4Þ  102 ð3:0þ21Þ  103 ð6þ42Þ  104
Values of gx, gy and Vloc are obtained so as to reproduce MC simulations for Ek ¼ 1430 K and AMC ¼ 100 K.
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Table 4. Also shown in Fig. 14, values of GðtÞ
according to Eq. (11) with the values of the pa-
rameters we obtained for Cu(0 0 1) vicinals (mx ¼
my ¼ 1:5 1013, EDiff ky ¼ 0:43 eV and EDiff kx ¼ 0:67
eV) that are clearly above our measurements.
Temperature variations of Dkx and D
k
y , as ob-
tained by fitting (for each temperature of mea-
surement) data on Cu(1 1 19) and Cu(1 1 79) [8],
are reported together with present results on
Cu(1 1 5) in Fig. 16. A better accuracy is obtained
for Dky at low T and for D
k
x at high T . D
k
y for
Cu(1 1 5) appears slightly lower than the values
extracted from Cu(1 1 19). Note that a deviation of
Dky from a straight line for Cu(1 1 19) values at low
T is also visible. Cu(1 1 5) being a surface with very
narrow terraces (strong step–step interaction), the
kink diffusion factor could be lower than those of
Fig. 14. Measured time correlation function, (d) T ¼ 300 K,
ðjÞ 325 K, and (7) 365 K. (, , M): Fit of GðtÞ for the three
temperatures (see Section 5 and parameters of Table 4). Dashed
lines give GðtÞ according to Eq. (11) with parameters (Ek ¼ 1430
K, A ¼ 65 K, my ¼ mx ¼ 1:5 1013 s1, EDiff ky ¼ 0:43 eV and
EDiff kx ¼ 0:67 eV) adjusted on Cu(1 1 19) and Cu(1 1 79) data
[2,8]. A t1=4 power law (upper line) is shown for comparison.
Fig. 15. Compared measured space–time correlation Gð0; y; tÞ
(black symbols) and time Gð0; 0; tÞ ¼ GðtÞ correlation functions
(open symbols). Fit of GðtÞ (solid line) and Gð0; y; tÞ (dashed
line) are also given (see Section 5). For the experimentally used
tip-scanning speeds, GðtÞ and Gð0; y; tÞ cannot be distinguished.
Fig. 16. Arrhenius plot of () Dky and () Dkx for vicinals of
Cu(0 0 1). Values are obtained by fitting with Eq. (11) GðtÞ data
for Cu(1 1 19) and Cu(1 1 79) from [8] for each measurement
temperature. Error bars indicates the range for Dkx (resp. D
k
y ),
keeping the other diffusion parameter Dky (resp. D
k
x) constant
and allowing an acceptable fit of GðtÞ. Full line: Dkx and dashed
line: Dky , for the parameters obtained for Cu(0 0 1) vicinals:
my ¼ mx ¼ 1:5 1013 s1, EDiff ky ¼ 0:43 eV and EDiff kx ¼ 0:67 eV.
(j) Dky values for Cu(1 1 5) assuming Cx ¼ 0.
Table 5
Number of analyzed data for GðtÞ measurements
300 K 325 K 365 K
Number of images 8 4 4
Size of images 14 nm 100 s 9 nm 100 s 18 nm 100 s
Data/image 152 400 pixels2 52 400 pixels2 109 750 pixels2
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other vicinals with wider terraces. One has also to
consider that the kink diffusion can be altered
below the roughening transition (non-zero local-
ization potential).
7. Conclusion
In summary, we have developed a 2-d Langevin
formalism that provides handy relations to analyze
fluctuations of a surface when matter conservation
within the surface is considered. Energetic as well
as diffusion anisotropies are considered. This al-
lows analyzing space–time correlation functions of
step displacements of vicinal surfaces that can be
related to atomic energetic parameters (Ek and A)
and hopping rates. Concerning time correlation
functions, approximate power law regimes are
obtained for short times as observed for well-iso-
lated steps or for weakly interacting steps at short
times. Our model allows describing accurately the
intermediate regimes. Temperature and terrace
width domains where power law approximations
apply are given. A logarithmic divergence for long
times is ultimately reached in the rough phase
ðT > TRÞ while saturation of GðtÞ in the flat phase
ðT < TRÞ is right obtained.
Within the model, two parameters for hoping
rates of kinks (along and from one step to an ad-
jacent one) are introduced. Following previous
analysis [2,4], these parameters can be related to
the kink concentration and the diffusion constants
for kinks, which in turn depends on the activation
energy for adatom formation and diffusion at step
edges and on the terraces. An overall good
agreement with theoretical values is obtained by
fitting experimental data with the present 2-d
Langevin model (except notably for diffusion
across terraces for Cu(0 0 1) vicinals).
In addition to spatial correlation functions of
step displacements previously analysed, we have
measured the time correlation function. GðtÞ on
the flat ðT < TRÞ Cu(1 1 5) vicinal surface. GðtÞ,
shows saturation for long times like spatial corre-
lation functions. The analysis by the 2-d Langevin
approach of the measured GðtÞ and Gð0; y; tÞ cor-
relation functions allowed to extract the kink dif-
fusion factor for diffusion along steps ðDkyÞ which
values appear slightly lower than for vicinals of
Cu(0 0 1) with wider terraces.
Appendix A
A.1. General formalism
We consider the following Langevin equation
describing interacting step fluctuations:
ohm;y
ot
¼ 1
kT
Cx
o2
om2

þ Cy o
2
oy2

dH
dhm;y
 
þ nðm; y; tÞ: ðA:1Þ
Within a capillary wave model of a flat vicinal
surface, the discrete Hamiltonian H of an array of
steps is [25]:
H ¼
X
m;y
gx
2
ðhmþ1;y

 hm;yÞ2
þ gy
2
ðhm;yþ1  hm;yÞ2 þ V ðhm;yÞ

: ðA:2Þ
The localization potential can be approximated
by:
V ðhm;yÞ ¼ 2Vlocð1 cosð2phm;yÞÞ
 4p2Vloch2m;y : ðA:3Þ
For a local ðm0; y0Þ small variation of the sur-
face height: dhm;y ¼ dhm0;y0dðm;m0Þdðy; y0Þ, the
variation of the surface energy is:
dH
dðhm;yÞ ¼ 
X
m;y
gxðhmþ1;y

þ hm1;y  2hm;yÞ
þ gyðhm;yþ1 þ hm;y1  2hm;yÞ
 oV ðhm;yÞ
oðhm;yÞ

: ðA:4Þ
Introducing Eq. (A.4) in (6), and linearizing the
differential equation by Fourier expansion,
hm;yðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
NxNy
p X
m;y
hqðtÞeiðqxmþqyyÞ;
nðm; y; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
NxNy
p X
m;y
nqðtÞeiðqxmþqyyÞ:
ðA:5Þ
NxNy being the system size, one gets:
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ohqðtÞ
ot
¼  1
kT
aqhqðtÞ þ nqðtÞ; ðA:6Þ
where aq is defined by:
aq ¼ 4bqkT ½Cxð1 cosðqxÞÞ þ Cyð1 cosðqyÞÞ
with
bq ¼ gxð1 cosðqxÞÞ þ gyð1 cosðqyÞÞ þ 4p2Vloc:
ðA:7Þ
Solution of the above differential equation is:
hqðtÞ ¼ eaqt
Z t
0
eaqt
0
nqðt0Þdt0 þ hqðt ¼ 0Þ: ðA:8Þ
The second moment of the capillary mode of
step edge fluctuations is further deduced:
hhqðt0ÞhqðtÞi ¼ eaqðt0þtÞ
Z t0
0
Z t
0
eaqðt1þt2Þ
 hnqðt1Þnqðt2Þidt1 dt2 þ   
þ hhqðt0Þhqðt ¼ 0Þi: ðA:9Þ
The correlation function for the thermal noise
can be written as:
hnðm0; y0; t0Þnðm; y; tÞi
¼ 2 Cx o
2
om2
dðm

 m0Þ
þ Cy o
2
oy2
dðy  y0Þ

dðt  t0Þ: ðA:10Þ
The very same Cy and Cy constants as in (A.1)
appear in the above equation in order to satisfy the
energy equipartition for fluctuations at thermal
equilibrium:
hHðhqðtÞÞ2i ¼ kT
2
: ðA:11Þ
In the Fourier space, one obtains:
hhqðtÞhqðtÞi ¼ hhqðt0 ¼ 0Þhqðt ¼ 0Þi ¼ kT
2bq
;
hnqðt0ÞnqðtÞi ¼ 4½Cxð1 cosðqxÞÞ
þ Cyð1 cosðqyÞÞdðt  t0Þ:
ðA:12Þ
Introducing (A.12) into (A.9), one gets by inte-
gration:
hhqðt0ÞhqyðtÞi ¼ e
aqðt0tÞ  eaqðt0þtÞ
2aq
 4½Cxð1 cosðqxÞÞ
þ Cyð1 cosðqyÞÞ þ   
þ eaqðt0þtÞhhqðt0 ¼ 0Þhqðt ¼ 0Þi:
ðA:13Þ
Using (A.12), the second moment of the capillary
mode is:
hhqðt0ÞhqðtÞi ¼ kT
2bq
eaqjt
0tj: ðA:14Þ
The spatio-temporal time correlation function is
defined as:
Gðm; y; tÞ ¼ hðhðm; y; tÞ  hð0; 0; 0ÞÞ2i
¼ 2½hhðm; y; tÞ2i  hhðm; y; tÞhð0; 0; 0Þi
ðA:15Þ
and can be written:
Gðm; y; tÞ ¼ kT
NxNy
X
qx;qy
1 eaqjtj eiðqxmþqyyÞ
bq
:
ðA:16Þ
The above expression gives the required time–
space correlation function for steps at thermal
equilibrium. In a continuous approximation it can
also be written:
GðtÞ ¼ hðhmðy; tÞ  hmðy; 0ÞÞ2i
¼ kT
p2
Z p
0
Z p
0
1 eaqjtj
bq
dqx dqy : ðA:17Þ
A.2. Analytical approximations
Various analytical expressions of GðtÞ can be
obtained depending on the considered time and
the relative values of the parameters. For an an-
isotropic (gx  gy and Cx  Cy) system in the
rough phase ðVloc ¼ 0Þ, aq can be written under the
form:
aq ¼
4Cygy
kT
Cx
Cy
ð1

 cosðqxÞÞ þ ð1 cosðqyÞÞ

 gx
gy
ð1
"
 cosðqxÞÞ þ ð1 cosðqyÞÞ
#
: ðA:18Þ
E. Le Goff et al. / Surface Science 531 (2003) 337–358 355
Depending on the leading term within (A.18),
one gets the following analytical expressions. For
very short times (t  ð1=4CyÞðT=gyÞ), one can use
the expansion:
1 eaqt  4Cygyt
kT
½1 cosðqyÞ2; ðA:19Þ
that is qx independent and allows getting the linear
time dependence:
Gð0; 0; tÞ  4Cyt: ðA:20Þ
For larger times, the term ð1 eaqtÞ dif-
fers from 0 only in a narrow qy region close
to 0 where aqt  0 and defined by cosðqyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 ðkT=4gyCy tÞ
q
. This is illustrated in Fig. 17
giving a graph within the ðqx; qyÞ plane of the ar-
gument of the sum within Eq. (11). Providing
1
4Cy
kT
gy
< t <
kT
4gyCy
gx
gy
 
þ Cx
Cy
!2
one gets:
1 eaqt  1 exp

 4Cygyt
kT

½1 cosðqyÞ2;
ðA:21Þ
that is again qx nearly independent. Using qy ex-
pansion for aq and bq and the continuous ap-
proximation allows obtaining:
Gð0; 0; tÞ ¼ 2kT
p
Z p
0
1 exp  CykT gyq4y t
 
gyq2y
dqy
¼ 2Cð3=4Þ
p
kT
gy
 !3=4
ðCy tÞ1=4: ðA:22Þ
Fig. 17. Plots within the ðqx; qyÞ plane of the argument of the sum in Eq. (11): ðkT=NxNyÞðð1 eaqtÞ=bqÞ. For various values of Cy t: (a)
103, (b) 1, (c) 104 and (d) 108. Parameters are: gx=gy ¼ 108, gy=T ¼ 100, Vloc ¼ 0 K; Cx ¼ 1 s1, and Cx=Cy ¼ 102.
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For longer times so as
kT
4gyCy
gx
gy
 
þ Cx
Cy
!2
< t <
kT
4gxCy
gx
gy
 
þ Cx
Cy
!1
the ð1 eaqtÞ term within Eq. (11) vanishes ev-
erywhere excepted in a narrow region close to the
qx axis (see Fig. 17) where aqt  0 and where the
following relation holds:
gx
gy
þ Cx
Cy
 1 cosðqyÞ: ðA:23Þ
Providing gx=gy  1 cosðqyÞ, bq remains only qy
dependant and one has:
Gð0;0;tÞ¼ 2kT
p2gy

Z p
0
Z p
0
1exp 2 gykTCy gxgyþ
Cx
Cy
 
ð1cosðqxÞÞq2y t
 
q2y
dqxdqy ;
ðA:24Þ
where the very presence of q2y instead of q
4
y within
the exponential term makes GðtÞ vary as t1=2:
Gð0; 0; tÞ ¼ 8p3=2 kT
gy
gx
gy
 "
þ Cx
Cy
!
Cyt
#1=2
:
ðA:25Þ
For very long times
t >
kT
4gxCy
gx
gy
 
þ Cx
Cy
!1
the relation gx=gy  1 cosðqyÞ holds and bq be-
comes qx and qy dependant. Assuming (gx=gy 
Cx=Cy), one gets by integration in polar coordi-
nates:
Gð0; 0; tÞ ¼ kT
p ffiffiffiffiffiffiffiffigxgyp
1
4
ln p4
gx
kT
Cxt
 
þ cte

;
ðA:26Þ
whereas for (gx=gy  Cx=Cy), one has:
Gð0; 0; tÞ ¼ kT
p ffiffiffiffiffiffiffiffigxgyp
1
4
ln p4
g2x
gykT
Cyt
 !"
þ cte
#
;
ðA:27Þ
where the added constant is numerically found
equal to 0.7326.
The above analytical expressions are only valid
within some range of the parameters summarized
in Table 1. Their use are limited for extended well
defined t, t1=4, t1=2 or lnðtÞ regimes. Usually, and
more importantly when a cross over from one re-
gime to another is expected, it is easier and more
accurate to use the general expression (A.17).
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